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It is common that only a subset of the parameters of models can be accurately estimated. One approach for identifying
a subset of parameters for estimation is to perform clustering of the parameters into groups based upon their sensitivity
vectors. However, this has the drawback that uncertainty cannot be directly incorporated into the procedure as the sen-
sitivity vectors are based upon the nominal values of the parameters. This article addresses this drawback by presenting
a parameter set selection technique that can take uncertainty in the parameter space into account. This is achieved by
defining sensitivity cones, where a sensitivity cone includes all sensitivity vectors of a parameter for different values,
resulting from the uncertainty, in the parameter space. Parameter clustering can then be performed based upon the
angles between the sensitivity cones, instead of the angle between sensitivity vectors. The presented technique is applied
to two case studies. VC 2013 American Institute of Chemical Engineers AIChE J, 60: 181–192, 2014
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Introduction

Mathematical models composed of ordinary differential
equations (ODEs) or differential algebraic equations (DAEs)
are widely used to describe the behavior of dynamic sys-
tems, ranging from ecological systems,1 power systems,2

chemical processes,3 biochemical reaction networks,4 to
pharmaceutical processes.5 The accuracy of these models not
only depends on the structure of the model which is deter-
mined by the physics, chemistry, and biology of the system,
but also relies on adjustable parameters in the model, many
of which are either taken from the literature or estimated
using experimental data.

A number of studies have investigated various aspects of
parameter estimation.6–8 The parameter estimation problem
can be formulated as an optimization problem which mini-
mizes the norm of the error between data and model predic-
tions while treating the equations of the system as
constraints. The problem can then be solved by either a
sequential approach or a simultaneous approach,9 with both
approaches offering advantages for certain classes of prob-
lems. However, before any parameter estimation is per-
formed, it is important to determine if all parameters are
numerically identifiable and, if not, then what subset of
parameters can be accurately estimated.10

A variety of methods for parameter set selection based on
sensitivity analysis have been proposed in the literature.
These methods include, but are not limited to, genetic algo-
rithms,11 collinearity index methods,1 column pivoting meth-
ods,12 Gram–Schmidt orthogonalization methods,13 and
clustering methods.14 A systematic scheme for parameter set
selection is based on optimality criteria computed from the
Fisher information matrix which is closely related to the
parameter-output sensitivity matrix.15

It is important to note that all of the methods mentioned
above for parameter set selection utilize local sensitivity
analysis. The main drawback of local sensitivity analysis is
that the sensitivity vectors are dependent on the parameter
values that are not precisely known prior to parameter esti-
mation. This may result in identification of parameter subsets
that are suboptimal, which can have a significant impact on
the model’s prediction accuracy if the parameter uncertainty
is large.16 One alternative to local sensitivity analysis is
global sensitivity analysis which simultaneously varies multi-
ple parameters, often over a large range. Additionally, global
sensitivity analysis can incorporate the uncertainty descrip-
tion of the parameters into the sensitivity analysis procedure.
Unfortunately, the results from global sensitivity analysis,
for example, the Morris method,17 sampling-based method,18

or a variance-based method,19 are nontrivial to interpret for
experimental design or parameter set selection16 as they do
not rely on the concept of sensitivity vectors.

This article addresses the challenges mentioned above for
parameter set selection of dynamic systems under
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uncertainty. This is achieved by combing a hierarchical clus-
tering method14 and dynamic optimization techniques, in
order to simultaneously vary all parameters over a large
range, to quantify the effect of the uncertainty in the parame-
ter space on the sensitivity vectors. As the uncertainty of the
parameter values has an effect on the sensitivity vectors, a
sensitivity cone is computed for each parameter. All sensitiv-
ity vectors associated with one parameter, which correspond
to different values of the parameters according to their
uncertainty, are contained inside a sensitivity cone. Unlike
the local approach where parameters are clustered according
to their sensitivity vectors,14 the presented approach clusters
the parameters based upon the sensitivity cones introduced
in this work. Important challenges that are dealt with in this
work arise from the computation of the sensitivity cones, not
only because of the uncertainty description over all parame-
ters, but also because not all cones have the same angle as
the sensitivity vectors of some parameters are significantly
more affected by uncertainty than those corresponding to
other parameters.

The article is structured as follows: preliminaries concern-
ing sensitivity equations, hierarchical clustering, and
dynamic optimization are presented. Then, the problem for-
mulation and the solution approach for quantifying an upper
bound on the uncertainty will be discussed. A new scheme
for parameter selection is then introduced based upon hier-
archical clustering of sensitivity cones. Two models will be
presented in the case studies.

Preliminaries

Sensitivity equations

One form of dynamic system containing n states, m
parameters, and l inputs can be represented as

dx

dt
5f x; p; uð Þ (1)

where, x 2 Rn31 is the state vector, p 2 Rm31 is the parame-
ter vector, and u 2 Rm31 is the input vector. The sensitivity
equation is derived by taking the derivative of Eq. 1 with
respect to the parameters and by applying the chain rule.
The resulting dynamic sensitivity equation for the state xj

and the parameter pi is given by

d

dt
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(2)

Here, sij can be defined as the sensitivity of the state xj

with respect to the parameter pi. As, i�{1,…,m} and
j2{1,…,n}, the total number of sensitivity equations is m 3

n. The extended model consists of the original model and
the sensitivity equations which corresponds to ðm 1 1Þ 3 n
ODEs. The sensitivities can be calculated by integrating all
of the ODEs simultaneously using an ODE solver. However,
as the original model (Eq. 1) is independent of the sensitivity
equations and the sensitivity equations in Eq. 2 are inde-
pendent for different pi, only 2n equations (Eqs. 1 and 2) for
a particular pi need to be integrated at a time.

One advantage of utilizing sensitivity equations rather
than automatic differentiation to calculate the sensitivity is
that the integration of the extended ODE model, given by
Eqs. 1 and 2, has a higher guaranteed accuracy than auto-
matic differentiation.20–22 This is important as a small pertur-
bation of a single-model parameter might not generate a
sufficiently large output variation, if this calculation is per-
formed with automatic differentiation, whereas a relatively
large perturbation might cause the dynamic system to
become unstable.21 Additionally, due to the unique structure
of the extended ODE model, the sensitivities of all the states
can be calculated with respect to only one parameter at a
time by integrating 2n equations, which makes the scheme
computationally inexpensive.

After calculating the sensitivity variables using numerical
integration, the sensitivity vector can be obtained by interpo-
lating between the values for uniformly spaced time points
t 5 (t1,t2,…,th)T, where h is the time step. The i-th column of
the sensitivity matrix S represents the sensitivity vector of
the output xj with respect to the parameter pi.

S5

s1j t1ð Þ � � � smj t1ð Þ
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�
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If there is number of r outputs are considered at the same
time, that is, xj1 , xj2 , …, xjr then the matrix from Eq. 3 would
result in a tensor

S5

s1j1

s1j2

�

s1jr

� � �

. .
.

� � �

smj1

smj2

�

smjr

2
666666664

3
777777775

(4)

where sij represents the sensitivity vector of the j-th output
with respect to the i-th parameter. The sensitivity matrix
shown in Eq. 3 or the tensor from Eq. 4 are normalized by
dividing each sensitivity vector by ðxss

j =p0
i Þ, where xss

j is the
steady-state value of its corresponding output and p0

i is the
nominal value of its corresponding parameter.

As the local sensitivity matrix is dependent on the initial
value of the adjustable parameters, the performance of
parameter set selection using this matrix is heavily influ-
enced by the nominal values. To address this challenge, this
work develops a formulation to incorporate the uncertainty
in the parameter space for sensitivity analysis of a dynamic
system with respect to the parameters. The approach for
quantifying this uncertainty for the sensitivity vectors will be
discussed in the next section.

Hierarchical clustering

Hierarchical clustering is a technique to group data based
upon similarities of statistical properties. Results from hier-
archical clustering are commonly presented in a dendrogram.
A dendrogram does not only represent a single set of clus-
ters, but rather a multilevel hierarchy, where clusters at one
level are grouped into clusters to form the next level and the
different levels correspond to degrees of similarity that are
assigned to objects within clusters.23 Strategies for
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Figure 1. Illustration of cosine distance between (a) sensitivity vectors and (b) two clusters of sensitivity vectors.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]

hierarchical clustering generally fall into two types: agglom-
erative and divisive. Agglomerative clustering is a bottom-up
approach where each object starts in its own cluster, and
pairs of clusters are merged as the threshold value moves up
the hierarchy. Divisive clustering is a top-down approach
where all objects start in one cluster, and splits are per-
formed recursively as the threshold value moves down the
hierarchy.

For parameter set selection, hierarchical clustering is used
to reduce the number of model parameters considered by
determining several groups of parameters that are pairwise
indistinguishable (i.e., they cannot be uniquely estimated for
a reasonable level of noise in the measurements). It is then
possible to only consider one parameter per group for esti-
mation. Hierarchical clustering via agglomeration is imple-
mented using the following steps:

1. Calculate the distance between every pair of objects in
the dataset. For a dataset containing m objects, there
are m m21ð Þ=2 pairs for which distances need to be
measured.

2. Group the objects into a dendrogram based on the
distance.

3. Determine a threshold distance cutoff value for the
similarity which directly affects the number of clusters.

In step one, the choice of an appropriate distance metric is
very important, as some objects may be close to one another
according to one distance metric and farther away according
to another, and this will significantly influence the clustering
algorithm. For example, the Euclidean distance is commonly
applied to data scattered in Euclidean space, however, for
high-dimensional vectors, cosine similarity is usually used to
measure the angle between the vectors.24,25 As explained
previously, each column of the normalized sensitivity matrix
represents the sensitivity vector for a corresponding parame-
ter. A large angle between two sensitivity vectors implies a
large distance (less similarity) between these vectors (shown
in Figure 1a). As the sign of the direction of the sensitivity
vector has no influence on parameter set selection, the cosine
distance between two sensitivity vectors is defined using the
following equation

d512jcos hj512
jw � vj
kwk � kvk (5)

Here, w and v represent two different sensitivity vectors,
and d is the defined cosine distance.

In step two, the data are clustered using a dendrogram
based on the distance defined in step one. Commonly used
linkage criteria between two clusters include complete link-
age clustering, where the longest distance between two
clusters is found, single-linkage clustering, where the short-
est distance is found, average linkage clustering, and mini-
mum energy clustering.23 For parameter set selection,
parameters need to be clustered into several groups such
that the parameters within a group are pairwise indistin-
guishable, therefore, the complete linkage criterion is
preferred.14

A threshold cutoff value for the similarity is determined in
the last step. This threshold value affects the number of clus-
ters that the sensitivity vectors are partitioned into (shown in
Figure 1b). As a rule of thumb, the cutoff value is chosen to
be small enough so that the angle between any pair of sensi-
tivity vectors within a cluster is small. However, it should be
noted that if the uncertainty in the parameter space is large,
then the parameters cannot be distinguished no matter how
small the cutoff value is chosen. This point will be discussed
in more detail in the next section.

One of the key contributions of this work is to translate
the uncertainty of the parameters into the angle of each sen-
sitivity cone and then use the angles between the sensitivity
cones for clustering. Hierarchical clustering will be per-
formed based on the corresponding cosine distance of the
angle between sensitivity cones.

Dynamic optimization

Dynamic optimization refers to a category of optimization
problems that address time-varying systems. Generally, these
problems seek to maximize or minimize an objective func-
tion by determining a group of input profiles that may
change over time, while the dynamic model, described by
initial-value ODEs or DAEs, is considered as constraints. It
is worth noting that, for parameter estimation applications,
the optimization problem seeks to minimize some measure
of the prediction error and the parameters are assumed to be
constant over time. As DAE systems can be treated as ODE
systems with equality constraints imposed on the state varia-
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bles, all of the dynamic systems mentioned below are
described by ODEs. The mathematical formulation of the
dynamic optimization problem is given by

max
u tð Þ; p

y5y x; t; pð Þ (6)

s:t :
dx

dt
5f x; p; u tð Þð Þ; x 0ð Þ5x0 (7)

W x; u tð Þð Þ � 0;X x tf
� �� �

� 0 (8)

Here, y is the performance index to be optimized, u(t) is
the input profile, p are the parameters. Equation 7 represents
the ODE system over the time horizon ð0; tf Þ with states x,
and known initial values x0. Path constraints are denoted as
W and X are the terminal constraints.

Two numerical approaches can be used to solve dynamic
optimization problems. The sequential approach parameter-
izes the inputs using a finite number of decision variables,
integrates the system states iteratively to compute the per-
formance index, and then uses an optimization algorithm to
update the values of the decision variables. Although the
sequential approach is straightforward to implement, it can
be very computationally expensive, especially when dealing
with a large number of degrees of freedom and inequality
path constraints.26 The simultaneous approach parameterizes
the input variable and also discretizes the dynamic system,
typically using some collocation method. The discretized
system is then included as algebraic constraints in a large-
scale optimization problem. This approach increases the size
of the optimization problem considerably, but the perform-
ance can be significantly better as the model (represented by
the discretized equality constraints) is solved simultaneously
with the optimization problem. The discretized problem can
be especially large for stiff systems due to the fine discreti-
zation required, and powerful Nonlinear Programming (NLP)
solvers must be used to deal with these problems.27 All the
dynamic optimization problems presented in this work are
solved using the simultaneous approach because of its com-
putational efficiency.

Parameter Set Selection for Dynamic System
Under Uncertainty

Visualization of the effect of uncertainty in the
parameter space on the sensitivity vectors

As discussed in previous section, the distance of each pair
of sensitivity vectors is reflected by the angle between the
vectors in a high-dimensional Euclidean space. A large angle
represents a long distance (low similarity) and a small angle
represents a short distance (high similarity). Based on the
agglomerative clustering strategy and the complete linkage
criterion, sensitivity vectors can be clustered into different
groups in a dendrogram. If parameter uncertainty is consid-
ered for the dynamic system, the sensitivity vector generated
from the sensitivity equation for each parameter will not be
a single-fixed vector but a group of vectors distributed
around the nominal vector as the sensitivity vector changes
for perturbations in the parameter values corresponding to
the uncertainty range (shown in Figure 2a). A sensitivity
cone can be defined where all the sensitivity vectors corre-
sponding to one parameter for different values of all parame-
ters lie within the cone. Any vectors inside the sensitivity
cone cannot be distinguished from each other due to uncer-
tainty in the parameter values. Furthermore, vectors associ-
ated with different parameters may have sensitivity cones
that overlap due to uncertainty (shown in Figure 2b). One
result of this is that parameters that have sensitivity cones
which overlap, or have only small angles between them,
need to be grouped in the same cluster.

In order to capture the largest uncertainty for each param-
eter pi; h

max
i is defined as the largest angle between the vec-

tors inside the sensitivity cone and their corresponding
nominal vector

hmax
i 5max cos 21 jsi pð Þ � si p0ð Þj

ksi pð Þk � ksi p0ð Þk

� �
j 8 i 2 1; :::;mf g (9)

Here, si(p0) and si(p) are the sensitivity vectors of the i-th
parameter at the nominal values p0, and at other values, p,
chosen from the uncertainty range of all parameters, respec-
tively. As the sign (or direction) of the sensitivity vector has
no impact on the parameter set selection, only the absolute

Figure 2. Visualization of effect of uncertainty in parameter space on sensitivity vectors.

[Color figure can be viewed in the online issue, which is available at wileyonlinelibrary.com.]
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value of siðp0Þ � siðpÞ is considered, and hmax
i is an acute or

right angle.
It can easily be seen that two sensitivity cones will not

overlap when h12 >hmax
1 1hmax

2 (illustrated in Figure 2b),
thus the corresponding parameters p1 and p2 can be distin-
guished as long as the cutoff value is small enough. In other
words, if h12 � hmax

1 1hmax
2 2, then the two sensitivity vec-

tors may be colinear, and the two parameters cannot be dis-
tinguished no matter how small the cutoff value is. It should
be noted that the condition h12 � hmax

1 1hmax
2 is conserva-

tive as it will account for the worst possible case that can
happen for a given level of uncertainty in the parameter val-
ues. As the sum of hmax

i and hmax
j will always be used to

compare with hij, for different pair of parameters pi and pj,
an effective angle Hij is defined here using Eq. 10. The cor-
responding cosine distance between two sensitivity cones
becomes 12cos Hij. Hierarchical clustering using complete
linkage criterion is then performed based on the cosine dis-
tance of the effective angle between each pair of sensitivity
cones. It is important to note that calculating the pairwise
cosine distance of the effective angle between two sensitivity
cones and then clustering them are two independent steps.
Both steps are needed to group all sensitivity cones, where
any pairwise distance is smaller than a specified cutoff value,
into one cluster.

Hij5max hij2hmax
i 2hmax

j ; 0
n o

(10)

This approach incorporates the uncertainty of the parame-
ter values into the parameter set selection procedure while
retaining existing methods for generating a local sensitivity
matrix and hierarchical clustering. The next subsection will
describe the numerical implementation of this approach.

Problem formulation

Each sensitivity cone can be described by the sensitivity
vector corresponding to the nominal values of the parameters
and the angle between the cone surface and the nominal sen-
sitivity vector. For each specific parameter pi� (i� is a fixed
index here), this angle hmax

i� can be calculated by solving the
following dynamic optimization problem

min
p

y5cos 2 hi�ð Þ5
si�j pð Þ � si�j p0ð Þ
� �2
ksi�j pð Þk2 � ksi�j p0ð Þk2

(11)

s:t :

dxj

dt
5f x; p; uð Þ; xj t0ð Þ5x0

j ; j5 1;…; nf g (12)

dsi�j

dt
5
Xn

k51

@fj
@xk
� si�k

� �
1
@fj

@pi�
; si�j t0ð Þ50; j5 1; :::; nf g (13)

si�j pð Þ5 si�j t1ð Þ � � � si�j thð Þ½ �T (14)

Here, y is the square of the cosine of the angle between
the sensitivity vector and the nominal vector. The square is
used rather than the absolute value so that the objective
function will be continuously differentiable (a common
requirement for NLP solvers). Equation 12 is the original

dynamic system and Eq. 13 represents the sensitivity equa-
tions of the state xj for the parameter pi� . In this problem,
the input u is fixed and treated as a known parameter,
whereas all the parameters p are perturbed to determine the
maximum angle hmax

i� . The perturbation range of p can be
specified to reasonable values according to its physical
meaning or prior knowledge. It is worth noting that p can be
either simultaneously or partially perturbed (e.g., fix some
parameters at their nominal values) based on different condi-
tions. For m different parameters, there will be m different
maximum angles hmax

i� that describe the largest possible
angle between any vector inside the sensitivity cone and its
corresponding nominal vector.

Solution method

The dynamic optimization problem formulated in Eqs. 11–14
is solved using the simultaneous approach, which discretizes the
extended ODE model using a collocation method. The discreti-
zation method used in this study is a Legendre–Gauss–Radau
collocation on finite elements. Using this discretization tech-
nique the differential equation

dx

dt
5f x; tð Þ (15)

is transformed to a set of algebraic equations given by

xi;j5xi21;last CPð Þ1h
X
k2CP

ai;jf xi;k; ti;k
� �

(16)

Here, x denotes the state vector consisting of entries of
the states at different points in time t. In the algebraic
equations, i is the finite element number, j and k are the
collocation point numbers, and CP is the set of collocation
points. The finite element step length is h, which is speci-
fied based on the tradeoff between the accuracy needed for
the discretization, which increases with smaller step sizes,
and an acceptable size of the optimization problem, which
becomes computationally more expensive for smaller step
sizes. To obtain a more accurate discretization, the finite
element length can be reduced, or a higher order colloca-
tion strategy can be used. Although variant-step collocation
can be used if the system stiffness varies dramatically
across the entire time horizon, this work uses a fixed-step
three-point Radau collocation. The Radau collocation coef-
ficient matrix for this method (shown in Eq. 17) is found
from computing the roots of the Lagrange interpolating
polynomials.

a5

0:1968154772 0:3944243147 0:3764030627

20:0655354258 0:2920734116 0:5124858261

0:0237709743 20:0415487521 0:1111111111

0
BB@

1
CCA

(17)

Discretizing the dynamic optimization problem creates a
nonlinear programming problem that can be solved using
standard NLP solvers. Here, the optimization problem is for-
mulated in A Mathematical Programming Language
(AMPL),28 which is an algebraic modeling language that pro-
vides first- and second-order derivatives through automatic
differentiation. The problem is solved using the interior-point
nonlinear solver IPOPT29 which is a software package for
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large-scale nonlinear optimization which has excellent conver-
gence properties (q-quadratic). It is important to note that,
when using interior-point methods, the computation time
required for solving the linear system to calculate the Newton
steps can dominate the total solution time. When using
IPOPT, the choice of the linear solver can dramatically affect
the solution speed. For the results in this article, MA8630 was
used as the linear solver in IPOPT. MA86 is designed to solve
large sparse symmetric linear systems in parallel. Other solv-
ers can also be used and their convergence may depend upon
a variety of factors, including, but not limited to, the condi-
tioning of the problem and the solver itself.

Initialization is another important consideration when
addressing nonlinear optimization problems using a simulta-
neous approach. If a problem is initialized far from its opti-
mum or in some infeasible region, the optimizer may
require a very large number of iterations to converge,
whereas a good initialization might require only a few iter-
ations. A two-step approach is used in this work to provide
a reasonable initialization for this problem: the model is
first simulated using the nominal parameter values, and
then the values of the states computed using these nominal
parameter values are used to initialize the optimization
problem.

Schematic for parameter set selection under uncertainty

Now that all the preliminaries have been introduced, and
the technical details for quantifying the effect of uncertainty
on the sensitivity vectors have been discussed, the steps of
the parameter set selection algorithm under uncertainty are
summarized in Table 1. Step 2 represents an optional prelim-
inary screening procedure for reducing the parameter set, as
parameters with small sensitivity vector lengths are unlikely
to be chosen for estimation. Step 3 solves an optimization
problem to compute the sensitivity cones of all parameters
still under consideration for parameter set selection. Step 4
performs clustering on the basis of the cosine distance of the
effective angle between two cones which is defined in Eq.
10. An appropriately small cutoff value is chosen for parti-
tioning the clusters in Step 5. In Step 6, the parameters with
the largest nominal sensitivity vectors of all groups are cho-
sen as the representatives for these groups of parameters.

These selected parameters form the parameter subset that
should be estimated.

The limitation of the proposed approach is that, as the
approach considers the worst situation, the dendrogram gen-
erated from clustering the sensitivity cones will be quickly
pushed toward zero when dealing with large dynamic sys-
tems, even for relatively small uncertainty ranges. Modifica-
tions dealing with this limitation will be investigated in
future work.

Case Studies

This section presents two examples that illustrate the
details of the technique developed previously. The first
example is a dynamic model of a continuous stirred-tank
reactor (CSTR) involving an exothermic reaction. Two states
are measured and the D-optimality criterion is used to evalu-
ate the performance of different combinations of parameter
sets. The second example is a signal transduction pathway
model representing a biochemical reaction network in liver
cells exposed to the cytokine IL-6. A single state is meas-
ured and the performance of parameter set selection is eval-
uated using cross-validation involving a norm of the
prediction error.

CSTR model

This model describes an exothermic CSTR in which a
first-order reaction, A ! B, is taking place

A! B; rA5kCAexp 2E=RTð Þ (18)

The model is described by the following differential
equations

_CA5
F

V
Cf

A2CA

� 	
2RA

_T5
F

V
Tf 2T
� �

1
DH

qCP
RA2

hA

qCPV
T2Tcð Þ

_Tc5
Fc

Vc
Tf

c2Tc

� �
1

hA

qcCPc
Vc

T2Tcð Þ

(19)

The three states of the system are the concentration of
component A, the temperature inside the reactor, and the
temperature of the cooling jacket. The temperature of the
reactor and the cooling jacket are measured as the outputs.
There are 16 parameters in the model and their nominal val-
ues are taken from the reference10 and are listed in a table in
the Appendix. Figure 3 shows a simulation of the system
using nominal parameter values and the initial conditions
listed in the Appendix.

The values of the parameters q, Cp, k, E, R, DH, and h are
not known as precisely as the parameters fixed by the design
of the process. Therefore, some of these parameters need to
be estimated to improve the prediction capability of this
dynamic model.

Considering that q and Cp never appear independently, but
only in the form of their product, qCp, and E and R only
ever appear as (2E/R), these two expressions are treated as
two new parameters rather than as four parameters. With
this substitution, there are a total of five parameters that can
be considered for estimation. They are renamed and listed in
Table 2. It is worth noting that if there are only five parame-
ters in a system then the correlations among these

Table 1. Algorithm for Parameter Set Selection under

Uncertainty

Step 1 Calculate the normalized sensitivity matrix for the
nominal parameter values.

Step 2
(optional)

Fix parameters whose nominal sensitivity vectors
have small lengths (e.g., less than 5% of the
largest one) at their nominal values.

Step 3 Calculate the maximum angle hmax
i of each sensi-

tivity cone associated with parameter pi that is
not fixed at its nominal value in Step 2.

Step 4 Cluster the parameters into a dendrogram by hier-
archical clustering on the basis of the pairwise
cosine distance between two cones 12cos H ij,

where Hij5max hij2hmax
i 2hmax

j ; 0
n o

.

Step 5 Choose a cutoff value (usually smaller 0.05) to
partition the parameters into n different clusters.

Step 6 Select the parameters with the largest nominal
sensitivity vectors of each of the n clusters as
representatives from these clusters. These n
parameters form the subset that needs to be
estimated.
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parameters are unlikely to cause significant over-
parameterization. However, this simple model is useful for
illustrating the utility of the presented technique for parame-
ter set selection under uncertainty. The application of the
developed technique to a larger model will be presented in
the second case study.

First, an extended ODE model is formulated by combining
the original model and the sensitivity equations. Equation 20
is the original CSTR model and Eq. 21 shows the sensitivity
equations based on the output for each parameter pi (i 5 1,
…, 5). For different parameters, the differences between
each group of sensitivity equations will be reflected in the

last terms shown in Eq. 21, that is, @f1=@pi; @f2=@pi; and
@f3=@pi; while the remaining portions of Eq. 21 remain the
same for all values of i 5 1, …, 5. According to simulations
(Figure 3), the system reaches steady state after approxi-
mately 10 h, so the sensitivity vector is generated by interpo-
lating the sensitivity variables from zero to 10 h with a step
size of 0.1 h. Step 2 in Table 1 is skipped here as there are
only five parameters and no further reduction of the parame-
ter space is needed. Assuming that there is no uncertainty,
the parameters are grouped in a dendrogram, as shown in
Figure 4a, using the complete linkage clustering. The param-
eters can be grouped into different numbers of clusters,
based upon the cutoff value of the cosine distance. For
instance, if a cutoff of 0.05 is chosen, the parameters can be
grouped into three distinguishable clusters containing {p1,
p3, p4}, {p2}, and {p5}. The corresponding parameter subset
that should be estimated is {p2, p3, p5} as these are the
parameters with the largest norms of the nominal sensitivity
vectors in each of the three clusters. If the cutoff value is
increased to 0.35, the parameters can now only be grouped
into two clusters containing {p1, p2, p3, p4} and {p5}, where
p2 and p5 should be estimated.
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The cluster number is also influenced by the uncertainty
range in the parameter space. The larger the uncertainty
range, the shorter the cosine distance between each pair of
sensitivity cones will be, thus fewer clusters can be parti-
tioned using the same cutoff value. Furthermore, once two
sensitivity cones overlap, the corresponding two parameters
cannot be distinguished no matter how small the cutoff value
is chosen. In this example, the largest angle of each sensitiv-
ity cone for different uncertainty ranges is listed in Table 3,
the cosine distance between each pair of sensitivity cones is
listed in Table 4, and the dendrograms for different uncer-
tainty ranges are shown in Figure 4. It can be seen from Fig-
ure 4 that an increase of the uncertainty range results in the
content of the dendrogram being pushed toward zero and the
sensitivity cones start to overlap, resulting in clusters of
indistinguishable parameters. For example, if 15% uncer-
tainty is considered, the cosine distances between the sensi-

tivity cones of p1, p3, and p4 are zero. Thus, no matter how
small the cutoff value is, the parameters can at most be par-
titioned into three clusters (i.e., {p1, p3, p4}, {p2}, and {p5}).
If the uncertainty is increased to 50%, at most two clusters
can be partitioned. Therefore, both the cutoff value and the
uncertainty range determine the cluster number, and the
uncertainty range determines the largest number of clusters
that can be partitioned.

The D-optimality criterion,31 which is the most popular
experimental design criterion, is used in this example to

Figure 3. Simulation of CSTR model at nominal param-
eter values.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 2. Parameters that Need to be Estimated

in CSTR Model

Original Parameter k qCp (2E/R) DH h
New parameter p1 p2 p3 p4 p5

Nominal value 2.5 1590 2255 160 1000

AIChE Journal January 2014 Vol. 60, No. 1 Published on behalf of the AIChE DOI 10.1002/aic 187

wileyonlinelibrary.com


verify the performance of the parameter set selection. This
criterion minimizes the volume of the confidence ellipsoid
with an arbitrary fixed confidence level for a least-squares
estimator. If the uncertainty of parameters is close to zero,
then the criterion value is obtained by calculating the nomi-
nal sensitivity matrix. However, if a larger uncertainty is
considered, for example, 15% or 50%, a Monte Carlo simu-
lation is performed where 10,000 parameter sets are chosen
randomly within the uncertainty range and the average crite-
rion value is obtained from calculating the sensitivity matrix
for these different parameter values. Therefore, the magni-
tude of the criterion value reflects the performance of the
parameter selection for estimation. As there are only five
parameters in this model, it is possible to compare all of the
2521 different combinations of parameter subsets that are
listed in Table 5. There are several trends that can clearly be
seen when analyzing the data from Table 5. One trend is
that parameter sets that only consist of one or two parame-
ters are hardly affected by the uncertainty. This is in stark
contrast to parameter sets with more parameters, where the
criterion value reduces significantly for larger uncertainty,
for example, estimating all five parameters results in a crite-
rion value that is three orders of magnitude lower for 50%
uncertainty than for no uncertainty (the values shown are on
a logarithmic scale). What is particularly striking is that this
general trend holds for every set that can potentially be esti-
mated from the five parameters under consideration. A sec-
ond point worth noting is that parameter sets considered
good by the procedure introduced in this work are signifi-
cantly less affected by increases of the uncertainty than other
sets with the same number of parameters. Lastly, parameter

sets that are found to be optimal by the presented procedure,
that is, {p2} for estimating one parameter, {p2, p5} for esti-
mating two parameters, and {p2, p3, p5} for estimating three
parameters, are indeed found to have by far the largest crite-
rion values for all sets with the same number of parameters.
It is important to note that there is likely no perfect parame-
ter set for estimation of uncertain systems, especially as the
choice of an appropriate cutoff value will be part of future
work; however, it is important to determine one or more
potential sets of parameters which are good candidates for
estimation and differentiate those from other sets which
would clearly result in worse prediction accuracy.

IL-6 signaling pathway model

Modeling and analysis of intracellular signaling networks
is an important area in systems biology. Signaling pathways
initiate essential processes for regulating cell growth, divi-
sion, apoptosis, or responses to environmental stimuli. These
pathways include a large number of components, which
detect, amplify, and integrate diverse external signals to gen-
erate responses, such as changes in enzyme activity or gene
expression. It is infeasible to measure all the components in
these pathways which limit the number of parameters that
can be estimated. Therefore, the values of most of the
kinetic parameters are taken from the literature and contain a
significant level of uncertainty. An IL-6 signaling pathway
model is used in this case study to illustrate the selection of
a subset of uncertain parameters for estimation using limited
experimental data. This model consists of 13 state variables
and 19 parameters. The IL-6 concentration is the input and
the concentration of the transcription factor STAT3 in the
nucleus, STAT3N*-STAT3N*, is the only measured output.
The mathematical model is described by Eq. 2232 and the
initial values of all states, the value of the input, and the
descriptions and nominal values of all the parameters are
listed in the Appendix.

The sensitivity matrix is generated by interpolating the
sensitivity variables from 0 to 10 h using a 15-minute time
step. After Step 2 (shown in Table 1), p1, p3, p5, p6, p14, and
p15 are left as the candidates for parameter clustering. The
largest angle of each sensitivity cone is presented in Table 5,
and dendrograms for different uncertainty ranges obtained
using hierarchical clustering for these six candidate parame-
ters are shown in Figure 5.

It can be seen from Table 6 that with an increase in the
uncertainty range, the largest angles of the sensitivity cones
of p1, p5, p6, p14, and p15 increase monotonically. For exam-
ple, the largest angles of the sensitivity cones of p6 and p14

are very close to zero when the uncertainty range is within
5%. This means that perturbation of the entire set of

Table 3. Maximum Angle (�) of the Sensitivity Cones

for Different Uncertainty Ranges

Uncertainty
Range (%) p1 p2 p3 p4 p5

5 7.476 1.404 7.476 7.432 3.032
10 11.96 1.621 12.23 11.96 4.211
15 16.72 1.985 17.14 16.72 5.438
20 21.52 2.292 21.94 21.50 6.686
25 26.14 2.688 26.47 26.14 7.904
30 30.54 3.032 30.67 30.54 9.069
50 48.91 7.343 47.49 48.94 13.49

Figure 4. Hierarchical clustering of sensitivity cones
under different uncertainty in CSTR model.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]
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parameters would not cause p6 and p14 to noticeably deviate
from their nominal sensitivity vectors. However, the changes
of p3 due to the uncertainty are significantly larger than
those of the other parameters. When the uncertainty range
reaches 30%, the corresponding maximum angle for p3 is
90�, that is, all the parameters have to be partitioned into
one cluster that is pairwise indistinguishable. When this hap-
pens, a similar dynamic optimization problem is solved
while fixing p3 and perturbing all other parameters. How-
ever, the solution of this problem still returns a very large
angle of the sensitivity cone for p3. This result can be
explained if p3 is strongly correlated with other parameters
when uncertainty is taken into account.

It can be seen from Figure 5, that at most three clusters
can be formed if the uncertainty range is 10%. If the cutoff

Table 5. Different Combinations of Parameter Subsets and

the Corresponding Criterion Valuesa (the Top Five Choices

for Each Uncertainty Level are Highlighted)

Parameter Subset 0% 15% 30% 50%

{p1} 26.025 26.025 26.025 26.020
{p2} 3.068 3.067 3.061 3.049
{p3} 23.726 23.728 23.733 23.747
{p4} 26.037 26.035 26.032 26.024
{p5} 0.3060 0.3075 0.3119 0.3240
{p1, p2} 23.253 23.267 23.309 23.414
{p1, p3} 212.09 212.11 212.18 212.29
{p1, p4} 215.93 216.02 216.61 218.18
{p1, p5} 25.721 25.720 25.716 25.702
{p2, p3} 21.012 21.029 21.085 21.234
{p2, p4} 23.270 23.282 23.321 23.420
{p2, p5} 3.374 3.373 3.369 3.362
{p3, p4} 212.22 212.23 212.27 212.34
{p3, p5} 23.421 23.422 23.423 23.429
{p4, p5} 25.732 25.730 25.723 25.706
{p1, p2, p3} 210.29 210.38 210.56 210.87
{p1, p2, p4} 213.32 213.41 214.09 216.59
{p1, p2, p5} 22.955 22.968 23.009 23.108
{p1, p3, p4} 222.39 222.47 223.14 225.62
{p1, p3, p5} 211.79 211.82 211.88 211.99
{p1, p4, p5} 215.64 215.72 216.36 218.71
{p2, p3, p4} 210.70 210.77 210.87 211.06
{p2, p3, p5} 20.7140 20.7308 20.7839 20.9277
{p2, p4, p5} 22.972 22.983 23.020 23.114
{p3, p4, p5} 211.92 211.93 211.97 212.04
{p1, p2, p3, p4} 221.24 221.29 221.98 224.38
{p1, p2, p3, p5} 29.995 210.08 210.25 210.57
{p1, p2, p4, p5} 213.02 213.11 213.79 216.25
{p1, p3, p4, p5} 222.10 222.18 222.84 225.22
{p2, p3, p4, p5} 210.41 210.47 210.58 210.76
{p1, p2, p3, p4, p5} 220.95 220.99 221.68 224.16

aD-optimality criterion: max log 10ðdet ðSTSÞÞ, S is the normalized sensitiv-
ity matrix of the subset.

Figure 5. Hierarchical clustering of IL-6 signaling path-
way model under uncertainty.

[Color figure can be viewed in the online issue, which is

available at wileyonlinelibrary.com.]

Table 4. Cosine Distance Between Each Pair of Sensitivity Cones (i.e., 12cos H ij) for Different Uncertainty Ranges

Uncertainty
Range (%) p1–p2 p1–p3 p1–p4 p1–p5 p2–p3 p2–p4 p2–p5 p3–p4 p3–p5 p4–p5

0 0.2972 0.0020 0.0000 0.9336 0.2554 0.2972 0.9596 0.0020 0.9429 0.9336
5 0.1958 0.0000 0.0000 0.7527 0.1613 0.1962 0.8824 0.0000 0.7618 0.7535
10 0.1498 0.0000 0.0000 0.6583 0.1172 0.1498 0.8582 0.0000 0.6627 0.6583
15 0.1061 0.0000 0.0000 0.5621 0.0778 0.1061 0.8308 0.0000 0.5640 0.5621
20 0.0698 0.0000 0.0000 0.4699 0.0471 0.0699 0.8041 0.0000 0.4717 0.4701
25 0.0413 0.0000 0.0000 0.3863 0.0245 0.0413 0.7766 0.0000 0.3893 0.3863
30 0.0210 0.0000 0.0000 0.3127 0.0102 0.0210 0.7510 0.0000 0.3178 0.3127
50 0.0000 0.0000 0.0000 0.0849 0.0000 0.0000 0.6068 0.0000 0.0993 0.0848

Table 6. Largest Angle (�) of the Sensitivity Cones for

Different Uncertainty Ranges

Uncertainty
Range (%) p1 p3 p5 p6 p14 p15

5 2.688 8.271 2.563 0.000 0.000 1.621
10 5.062 17.73 3.970 4.997 4.930 3.032
15 6.486 31.00 5.377 7.607 5.438 4.365
20 7.904 61.14 6.832 9.970 5.789 6.975
30 10.55 90.00 9.769 13.88 10.95 9.530
40 12.99 90.00 13.17 17.82 12.42 12.37
50 19.30 90.00 17.86 22.00 15.53 15.80
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value is chosen to be 0.05, two clusters are partitioned and
the corresponding parameters considered for estimation are
p1 and p6. In this example, the performance of the parame-
ter set selection is compared by using cross validation with
measured output datasets that are randomly partitioned into
10 subsets, nine of which are used for training the parame-
ter for each run, whereas the remaining data set is used to
measure the prediction error. The uncertainty range or the
bounds on the parameters for estimation is 610%. There
are seven different parameter subsets listed in Table 7.
These are chosen for comparison because the subset {p1,
p6} is obtained from the presented approach when the
uncertainty is 10%. {p1, p5, p6} is the subset for estimation
when there is no uncertainty and {p1} is the subset when
the uncertainty increases to an extent that all the sensitivity
cones overlap and merge into one cluster. {p14, p15} is cho-
sen as a counter example when two parameters are from
the same cluster. {p3, p6} is also selected for comparison
purposes because p3 has a strong correlation with other
parameters as discussed previously. It can be seen from
Table 7 that the average prediction errors associated with
set {p1, p6}, {p1}, and {p6} are significantly smaller than
that of the set {p1, p5, p6} or any of the other sets. The rea-
son for this is that estimating fewer parameters is generally
preferable if large uncertainty is considered. The prediction
error associated with set {p14, p15} is the largest because
the effects of the two parameters are strongly correlated
and neither of them can describe the dynamics of the model
when there is noise in the experimental data. The reason
that the set {p3, p6} has an acceptable performance is that
the effect of changes in p3 are strongly correlated with
those for p1, p14, p15, and p3 can partly compensate the
function of p1.

This example illustrates the utility of the presented
approach by comparing the performance of estimating dif-
ferent sets of parameters using cross-validation. The results
returned by the presented method are reasonable, while
choosing other parameter sets can result in varying per-
formance. It should be noted that the cross validation would
not be performed in practice; it was simply used here to
illustrate that the sets of parameters determined for estima-
tion indeed perform better than other sets of parameters.
Furthermore, both of the case studies illustrate that the
number of parameters that can be estimated is affected by
the magnitude of the uncertainty. Although a uniform dis-
tribution of the parameters over their uncertainty intervals
is assumed in these examples, other uncertainty distribu-

tions can also be implemented within the presented
framework.

Conclusions

This work presented an approach for parameter set selec-
tion for dynamic systems under uncertainty. The technique
extends existing methods that are based upon clustering of
parameters according to their sensitivity vectors. The exten-
sion is made by realizing that the sensitivity vectors vary
due to the uncertainty and that a sensitivity cone can be
defined, where all sensitivity vectors of a parameter com-
puted for different parameter values lie within the sensitivity
cone. Computation of the sensitivity cones is nontrivial, and
this article presents a dynamic optimization technique for
doing so. The angle between two sensitivity cones, each one
corresponding to the sensitivity of a different parameter, can
be used as an indicator of the similarity of the effect that
changes in the parameter have on the outputs under uncer-
tainty. The cosine distance corresponding to this angle is
used for clustering the sensitivity cones. The main advantage
of this approach is that existing techniques for parameter set
selection can be used, for example, hierarchical clustering,
while at the same time the effect of uncertainty on the sensi-
tivity vectors is incorporated into the procedure by determin-
ing sensitivity cones.
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APPENDIX

Table A1. Nominal Parameter Values and Initial Values of

CSTR Model

Nominal Parameter Values
Tf Feed temperature 20�C
CAf Feed composition 2500 mol/m3

q Fluid density 1025 kg/m3

DH Heat of reaction 160 kJ/mol
E/R Activation energy 255 K
K Pre-exponential factor 2.5h21

Tcf Coolant inlet temperature 10�C
qc Coolant density 1000 kg/m3

H Heat transfer coefficient 1000 Wm22/C
F Feed flow rate 0.1 m3/h
Fc Coolant flow rate 0.15 m3/h
V Reactor volume 0.2 m3

Vc Cooling jacket volume 0.055 m3

A Heat transfer area 4.5 m2

Cpc Coolant heat capacity 1.20 kJ/kg/C
Cp Fluid heat capacity 1.55 kJ/kg/C
Initial Values
CA0 Initial composition 1000 mol/m3

T0 Initial reactor temperature 20�C
Tc0 Initial coolant temperature 20�C

Table A2. IL-6 Signaling Pathway Model

_x15p1u2R22p2x12p3x1x21p4x31p5x3

2p11x1x51p12x62p14x1x71p15x8

_x252p3x1x21p4x312p6x4

_x35p3x1x22p4x32p5x3

_x450:5p5x32p6x4

_x55p7x4= p91x4ð Þ � step t2p3ð Þ2p10x5

2p11x1x51p12x61p13x6

_x65p11x1x52p12x62p13x6

_x752p14x1x71p15x8

_x85p14x1x72p15x8

_x95p16x8x10= p171x10ð Þ2p18x9

_x1052p16x8x10= p171x10ð Þ1p18x9

_x115p13x6

_x12522p19x9x2
12

_x135p19x9x2
12

(22)

Table A3. Initial Values of IL-6 Signaling Pathway Model

x1 ðIL6-gp80-gp130-JAKÞ�2 0 (nM)
x2 STAT3C 1000
x3 ðIL6-gp80-gp130-JAKÞ�2-STAT3C 0
x4 STAT3N*-STAT3N* 0

x5 SOCS3 0
x6 ðIL6-gp80-gp130-JAKÞ�2-SOCS3 0
x7 SHP2 100
x8 ðIL6-gp80-gp130-JAKÞ�2-SHP-SUM 0
x9 Erk-pp 0
x10 Erk 16468
x11 (IL6-gp80-gp130-JAK)2 0
x12 C/EBPbi 40.493
x13 C/EBPbn 0
u IL-6 (input) 3.83
R Receptor 4
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Table A4. Nominal Parameter Values of IL-6 Signaling

Pathway Model

p1 Forward Rate Constant for Reaction #1 2.336e 2 005
p2 Backward rate constant for Reaction #1 0.002
p3 Forward rate constant for Reaction #2 0.0138
p4 Backward rate constant for Reaction #2 1.502
p5 Forward rate constant for Reaction #3 0.273
p6 Forward rate constant for Reaction #4 3.282e 2 004
p7 Maximum rate for Reaction #5 0.023
p8 Time delay for Reaction #5 1290
p9 Michaelis–Menten constant for Reaction #5 50.6
p10 Forward rate constant for Reaction #6 2.067e 2 004
p11 Forward rate constant for Reaction #7 16.52
p12 Backward rate constant for Reaction #7 0.04
p13 Forward rate constant for Reaction #8 0.0023
p14 Forward rate constant for Reaction #9 4.059e 2 004
p15 Backward rate constant for Reaction #9 5.086e 2 004
p16 Maximum rate constant for Reaction #10 16.00
p17 Michaelis–Menten constant for Reaction #10 5.115e 1 003
p18 Forward rate constant for Reaction #11 1.198e 2 005
p19 Forward rate constant for Reaction #12 1.0e 2 006
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